Infinite graphs with the least limiting eigenvalue greater than -2  by Aleksandar, Torgašev
Infinite Graphs with the Least Limiting Eigenvalue Greater than -2 
TorgGev Aleksandar 
Institute of Mathematics 
Faculty of Science 
Studentski trg 16a, 
11000 Beogmd, Yugoslavia 
Submitted by J. J. Seidel 
ABSTRACT 
Let h(F) be the least eigenvalue of a finite graph F. The least limiting eigenvalue 
X(G) of a connected infinite graph G is defined by X(G) = inf, { X(F)}, where F 
runs over all finite induced subgraphs of G. In [4] and [5] it is proved that 
h(C) > - 2 if and only if G is a generalized line graph. In this paper all connected 
infinite graphs (thus all generalized line graphs) with X(C) > - 2 are characterized. 
1. INTRODUCTION AND RESULTS 
In [2] M. Doob and D. Cvetkovi6 characterized all finite connected 
graphs whose least eigenvalue is greater than - 2. In this paper we consider 
a similar problem for infinite connected graphs. The results and methods in 
infinite case are not simple analogies of the finite case. 
Throughout the paper, by an infinite graph we mean a connected, 
countable (undirected) infinite graph without loops or multiple edges. 
An infinite generalized line graph (briefly a GLIG) can be defined as in the 
finite case (see e.g. [l]). A graph G is a GLIG if it consists of a line graph 
L(H) (H is a finite or infinite graph), and a sequence of disjoint cocktail-party 
graphs cp(pi) (pi< H,; i =l,..., (HI < H,), plus additional edges joining all 
vertices from @pi) (i = l,..., 1 HI) with aJJ vertices from L(H) which are 
incident to the i th vertex of the graph H. 
Such agraphisdenoted by G=L(H; p,,p, ,... )or, if p=(p,,p, ,... ), 
briefly by G = L(H; p). 
The least limiting eigenvalue X(G) of a graph G is defined by 
X(G)=inf{X(F)]FcG}, 
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where the infimum is taken over all finite induced subgraphs F c G, and 
X(F) is the least eigenvalue of the subgraph F.’ The least limiting eigenvalue 
is obviously a graph invariant. 
The following theorem has been proved in [4] and [5] in two different 
ways. 
THEOREM A. A connected infinite graph G is a GLIG if and only if 
X(G)> -2. 
In view of this theorem, all infinite graphs with the property X(G) > - 2 
must be GLIGS. Hence, in this paper we describe all GLIGS with the property 
A(G) > - 2. 
If G is a graph, consider the following condition: 
(C) The degree of exactly one vertex of G is infinite, while the degrees of 
all other vertices of G are uniformly bounded by a constant d. 
The main theorem which we are going to prove reads: 
THEOREM B. A connected infinite graph G has the property X(G) > - 2 
if and only if one of the following conditibns holds: . - . . 
(1) G = L(H), where H is an infinite tree satisfying condition (C); 
(2) G = L( H; 1, O,O, . . . ), where H is a tree satisfying condition (C) 
the cocktailqarty graph cp(1) corresponds to a vertex of finite degree. 
In the proof we need some simple properties of the invariant X(G). 
(P1) If G’ L G is an arbitrary (finite or infinite) induced subgraph 
graph G, then h(G’) 2 (G). 
and 
of a 
(Ps) If G is a GLIG and { G, } is an arbitrary sequence of its induced 
subgraphs such that X(G,) + - 2 as n + co, then X(G) = - 2. 
(Pa) If G is any GLIG and G’ c G is an induced subgraph such that 
X( G’) = - 2, then A(G) = - 2. 
2. PROOFS 
First, following results of M. Doob and D. Cvetkovik [2], we easily obtain 
a wide class of GLIGS with the property X(G) = - 2. 
‘Another definition of X(C) has been given in [4]. But, as is proved there, these two 
definitions are equivalent. 
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PROPOSITION 1. Let G = L( H; p) be a GLIG with one of the following 
properties: 
(1) H has an even cycle; 
(2) H has at least two odd cycles; 
(3) pi 2 2 for some i; 
(4) pi = pj = 1 for sume pair of indices i, j (i f j). 
Then X(G) = - 2. 
Proof. Obviously, in each of these cases there is a finite graph H, c H 
and corresponding finite cocktail-party subgraphs cp( b,), . . . , cp( b,) such 
that the finite generalized line graph G’ = L( H,; b,, . . . , b,) _C G has one of 
the corresponding properties (l)-(4). But then Theorem 2.1 of [2] gives 
X(G’) = - 2, and property (Ps) completes the proof. H 
In view of this proposition, we can further consider only infinite line 
graphs L(H) and the generalized line graphs of the form L( H; l,O, 0,. . . ) (H 
infinite). 
First, let us consider infinite line graphs G = L(H) where H is a tree 
which has the following property: 
(A) There is a sequence of paths in H, whose lengths tend to infinity. 
PROPOSITION 2. Zf H is a tree satisfying condition (A), then A( L( H)) = 
- 2. 
Proof. Let P,, (ni + oo), where P,, is a path on n vertices, be a sequence 
of induced subgraphs of H. Since then L( P,,) = P,,_ 1 is a sequence of 
induced subgraphs of L(H) and 
x(P~#~,)=2cos 7r-; 
i i 
-+ -2 (i + M), 
t 
property (Ps) implies the proposition. n 
COROLLARY 1. Zf G = L(H; p) where H is a tree satisfying condition 
(A), then A(G) = - 2. 
The proof is obvious by Proposition 2 and property (Ps). 
Therefore, we can restrict ourselves to the case when H is a tree which 
does not satisfy condition (A). In this case the lengths of all paths in H must 
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be uniformly bounded by a constant k, and there exists at least one vertex ~a 
of infinite degree. We distinguish following two subcases: 
(B) Besides ~a, there exists at least one more vertex of infinite degree, or 
there exists a sequence of vertices with finite degrees whose degrees tend to 
infinity; 
(C) Except for ~a, the degrees of vertices in H are uniformly bounded by 
a constant d. 
When using conditions (B) and (C), we shall always assume that condition 
(A) is not satisfied. 
In the sequel we need a special class of trees. Let T,,(p, 9) (n, p, 9 E N) 
be the rooted tree with the following properties: 
(1) The root wa has degree n. 
(2) The distance of any vertex of T,(p, 9) from wO is at most p. 
(3) If D(k) (k=l,..., p) is the set of vertices at distance k from we, 
then any vertex from D(i) (i = 1,. . . , p - 1) is adjacent to exactly 9 vertices 
from D(i + 1). 
In a quite similar manner, one can define the infinite tree T( p, 9) = T,( p, 9). 
LEMMA 1. VG,=W,(p,q)), thenforeachn, X(G,)>f(p,q)> - 2. 
Proof. By Theorem 2.1 of [2], we have that X, = h(G,) > - 2 for each 
n, and we only need to prove that lim n _ M X n > - 2. 
By some elementary arguments applied to the system of linear equations 
defining X *, we find that X, is the least root of the system 
(Yi(X)#O (i=l,...,p-1), 
o,(X) = n - 9, 
(*> 
where (~r( X) = A + 1 - 9, ai( h) = aI( h) - 9/q_,(h) (i = 2,. . . , p). In ad- 
dition, since T,,(p,q) c T,,+,(p,q), we have that - 2 < X,,+i< X,, which 
implies that { h, } is convergent. 
Suppose that h, -+ - 2. By induction on i we find that &Jh,,) -+ - 9 - 
ei( 9), where er( 9) = 1 and 
0 < Ei(9)= 
‘i-1(9) < 1 
9 +‘i&1(9) 
(i=2,...,p). 
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Therefore CY,(~,) -+ - 9 - s&9) [0 < ~~(9) < l] as n + 00, which obviously 
contradicts the equation ap( h “) = n - 9. 
This completes the proof. n 
If H is an arbitrary tree satisfying condition (C), it is easily seen that 
there exist sufficiently large constants p, 9 E N that H can be embedded (as 
an induced subgraph) in the infinite graph T(p, 9) = T,(p, 9). Putting 
G = L(H) and G’= L(T(p, 9)), Lemma 1 yields 
X(G) > h(G’) > f(p, 9) ’ - 2. 
Hence we immediately obtain 
PROPOSITION 3. Zf G = L(H), where H is an arbitrary tree satisfying 
condition (C), then X(G) > - 2. 
PROPOSITION 4. Zf G = L(H), where H is an arbitrary tree satisfying 
condition (B), then h(G) = - 2. 
Proof. For any integers n, p E N, let us consider the finite graph 
T,, = T,(p) in Figure 1 (n, p = p + 1 are the numbers of vertices). Then 
X n = A( L(T,)) will be the least root of the equation D&h; n) = 
det(aij(x)),,, = 0, where D,(X; n) = X - 24X), a(X) = h - n/(h + 1 - n), 
and if p >, 2 the only nonzero aij’s are 
a,,(h) = a,,(h) = 4h), a&) = 9 p,p-I(V = - 17 
ai,i-r(h) =ai,i+i(X) = 1, a,,(A)= -A (Z<i<p-1). 
We are going to prove that X n + - 2 as n + 00. 
FIG. 1. 
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In the simplest case, p = 1, we immediately get X, = (n - 1 
-vTo2t_sn)/2* -2a.s rl*oo. 
Supposing p 2 2 and using elementary properties of determinants, we 
find 
I+@; n) =cu2R,_,(X)+2aR,_,(X)+ R,_,(A), (1) 
where R,(A)=[sin(k+l)t]/sint, sint=\/l-X2/4, cost= -X/2 (k> 
- 3, IAl< 2), and Rk( - 2) = k + 1 (k >, - 3). As is easily seen, the same 
formula holds for p = 1. 
By the relation (l), we obtain for any p, n E N 
p-1 
DP( - 2; n) = -& + ____ 
(n + 1)" 'O. 
On the other side, using the asymptotic formulas 
a 




as n+co, wehave 
Dp( -2,:; n)=$+oit)<D (n>n,). 
This implies that 0,(X; n) fDr each p E N has a root in the interval 
( - 2, - 2 +2/n) (n >, n,), and consequently X, + - 2 as n --) co. 
If H is an infinite tree satisfying condition (B), then there exists a 
sequence of induced subgraphs T, = T,(p,) c H (n E N). Since all p, are 
uniformly bounded, one can obviously choose a constant subsequence p,, = p 
(i E N). But then the relation X(G) < X,, , together with X,,( + - 2 as 
i -+ co, completes the proof of the proposition. n 
COROLLARY 2. Let G = L( H; p), where H is an arbitrary infznite tree 
satisfying condition (B). Then h(G) = - 2. 





PROPOSITION 5. Let H be an arbitrary unicyclic infinite graph with an 
odd cycle, satisfying condition (C). Then A( L( H)) = - 2. 
Proof. Suppose H contains an odd cycle C,,,. Then for each n, H 
contains as induced subgraph a graph H, displayed in Figure 2, and we have 
H, c K+I for every n. Denoting G, = L(H,), we want to prove that 
X(G,)+ -2as n’co. 
First assume 9 = 1 (Q is the number of vertices). Then h n = A( G,) is the 
least root of equation I),( A; n) = det(a ij( A)),,, = 0, where the only 
nonzero aij’s are 
4~>=a,,(~)= -a(A)= -A+ A+y_n, 
A+1 
aImO>=a&)=P(~)= X+I_n’ 
a,,(A)= -A (2gidm-l), ai,i_l(X)=a,_l,,(A)=l (2IiIm). 
In this case we find that 
where Rk(X ) (k >, - 1) is the same function as in Proposition 4. Hence we 
easily get 
I?,(-2; n)=&>O. 
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On the other side, using the asymptotic formula 





Dn,( -2,:; nj= -G+o(tj CO (n>n,). 
The last two facts yield that D,(X; n) has a root in the interval ( - 2, - 2 + 
2/n), whence X, -+ -2as q=l and n+w. 
Without many difficulties we also find that similarly holds for every q > 1. 
The above remarks together with property (Ps) complete the proof of 
Proposition 5. n 
REMARK. As is easily seen, the same proof holds if H is unicyclic with an 
even cycle and satisfies condition (C). 
PROPOSITION 6. Let H be an arbitrary infinite tree satisfying condition 
(C), and let G = L( H; l,O, 0,. . .). Zf the graph cp(1) corresponds 
(1) to the vertex of infinite degree, then X(G) = - 2; 
(2) to a vertex of a finite degree, then h(G) > - 2. 
Proof. (1): In this case, for any n E N, G will possess, as an induced 
subgraph, a complete graph K, + a with exactly one edge removed. Denoting 
this graph by H,, we obviously have that H, c H,, 1 and 
WJ = 
n - 1 - \i(n - 1)2+8n 
+ -2 
2 
(n + 133). 
Therefore property (P2) completes the proof. 
(2): The proof in this case is much more complicated, although the idea is 
similar to that in Proposition 3. Namely, choose p, q fixed but sufficiently 
large so that the graph H is embedded in the graph T(p, q) = T,( p, q), and 
for each n E N, consider the corresponding finite generalized line graph 
G, = L( T,( p, q); l,O,O, . . . ). After straightforward calculations, we get an 
equation whose least root is the least eigenvalue X(G,). Since X(G,) obvi- 
ously converges as n + co and it can be proved that - 2 is not a root of the 
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limit equation, we obtain that h( G,) > f( p, 9) > - 2 for a function f( p, 9). 
Consequently 
X(G) > A(L(T(p,q); l,W,...>> > - 2, 
which completes the proof. 
Propositions 1-6 obviously imply Theorem B. 
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